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PHASE STRUCTURE OF XX0 SPIN CHAIN AND NONINTERSECTING
BROWNIAN MOTION
M. SAEEDIAN AND A. ZAHABI
Abstract. We study finite size and temperature XX0 Heisenberg spin chain in weak and strong
coupling regimes. By using an elegant connection of the model to integrable combinatorics and
probability, we explore and interpret a possible phase structure of the model in asymptotic limit:
the limit of large inverse temperature and size. First, the partition function and free energy of the
model are derived by using techniques and results from random matrix models and nonintersecting
Brownian motion. We show that, in the asymptotic limit, partition function of the model, written
in terms of matrix integral, is governed by the Tracy-Widom distribution. Second, the exact
analytic results for the free energy, which is obtained by the asymptotic analysis of the Tracy-
Widom distribution, indicate a completely new and sophisticated phase structure of the model.
This phase structure consists of second- and third-order phase transitions. Finally, to shed light
on our new results, we provide a possible new interpretation of the phase structure in terms of
dynamical behaviour of magnons in the spin chain. We demonstrate distinct features of the phases
with schematic spin configurations which have definite features in each region of the phase diagram.
1. Introduction
The Heisenberg spin chain is a one-dimensional lattice model consisting of (half) integer spins
interacting with their neighboring spins and an external magnetic field [1]. This model, being among
the original models for studying the quantum magnetic properties of the matter, has been studied
during this and last century, extensively, for a review see [2]. Moreover, the Heisenberg model is one
of the pillars of quantum integrability and is among the most famous exactly solvable lattice models
in quantum statistical mechanics. In fact, this model is a theoretical laboratory for testing and
applying the integrability paradigm. The exact methods and techniques from quantum statistical
mechanics and quantum field theory such as free fermion representation [3], bosonization [4], and
Bethe ansatz [5] have been applied in Heisenberg model, extensively.
The Heisenberg model is a general name for a class of spin chains which are characterized by three
couplings {Jx, Jy, Jz}, associated to three components of the spin operators in the Hamiltonain of the
system, Eq. 1. According to the couplings, the most general Heisenberg model with Jx 6= Jy 6= Jz is
called XYZ model and special cases include XXZ, XY models, etc. Due to complexity of the abstract
space of parameters ({Jx, Jy, Jz, h}), these spin chains exhibit sophisticated phase structure and
rich phenomena, including thermal, topological and quantum phase transitions [2],[6]. Moreover,
the spin chains are applied in variety of different systems, from condensed matter physics to high
energy physics, such as quantum information theory [7], and (non)supersymmetric gauge theories
and AdS/CFT [8],[9],[10].
The subject of this study is the simplest case of the Heisenberg model, namely the XX0 model,
for the definition see Eq. 1 and the explanations around that. Although this model is simple, it
is of great interest from different perspectives. In fact, this model has interesting and nontrivial
features such as phase transitions. On the other hand, the simplicity of the model leads to its exact
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solvability, via the free fermion formalism. This formalism, using the Jordan-Wigner transformation,
makes the model as one of the basic important examples in the class of integrable systems.
From a different point of view, the XX0 model is closely related to integrable combinatorics and
probability, i.e. the class of integrable combinatorial lattice models [11], [12], [13]. These are two-
and three-dimensional integrable lattice models such as dimer models, nonintersecting Brownian
motion and plane partitions (crystal melting models), etc. Furthermore, the mathematical structure
of the XX0 model reveals an exact and concrete relation to the random matrix theory [14], [15]. In
this study, the above mentioned relations between XX0 model, nonintersecting Brownian motion
and random matrix theory provide powerful techniques to investigate different aspects of the XX0
model.
The random matrix theory is applied in statistical physics and quantum field theories. In fact,
the statistical lattice models such as spin chains are very suitable for implementing the methods of
random matrix models and their discrete versions. Especially, the asymptotic limits of the statistical
systems such as spin chains can be accurately described by the asymptotic analysis of the associated
matrix models. In this article, the explicit realization of the XX0 model in terms of the matrix
integral with the Gross-Witten potential [16],[17],[18], is one the building blocks of our study.
The nonintersecting Brownian motion is one-dimensional random walk subject to a constraint,
i.e. the paths of random walkers do not intersect. This model has been studied extensively for
decades and various exact mathematical and physical results have been obtained [19], [20], [21], [22].
The extensive studies and results in nonintersecting Brownian motion have been established this
subject in the new trend of integrable probability. This integrable lattice model exhibits different
aspects and features in different mathematical and physical subjects such as combinatorics, proba-
bility and integrable statistical systems. Recently, it has been shown by Bogoliubov that the path
configurations of the nonintersecting Brownian motion are in one-to-one correspondence with the
spin configurations of XX0 spin chain. Furthermore, recent studies in probabilistic and asymptotic
aspects of nonintersecting Brownian motion [23], [24], [25], [26], and [27] reveal the integrability
and universality structures in this model. They are originated from the appearance of Toeplitz
determinants and Tracy-Widom distribution.
Random matrix theory from its first appearance in 1930’s, has been used in different branches
of mathematics and physics. In mathematical physics, it has been mainly employed in statistical
mechanics and quantum field theories to calculate the correlation functions of systems with compli-
cated interactions. These techniques have been expanded, refined and enriched in various different
problems from high energy physics such as Yang-Mill theory [28], and quantum gravity [29] to sta-
tistical physics such as diffusion process [30], NIBM [22], traffic and communication network [31],
and stock movements in financial markets [32],[33], etc. In this section we will apply this technique
to tackle the correlation functions of XX0 model.
Applying the machinery of the random matrix models and nonintersecting Brownian motion, we
study the XX0 model in weak and strong coupling regimes. Using these methods, we obtain our new
results. More precisely, we explicitly calculate the partition function and free energy of the model and
we extract phase structure of the models, in asymptotic regime. Based on obtained mathematical
results, appropriate and plausible interpretations for the phase structure of XX0 model are discussed.
At the heart of this study, we use the analytic and probabilistic methods from random matrix
models and nonintersecting Brownian motion to obtain the exact new results in XX0 model and
explain the physical features of the model. In the first step, we review a representation for the
partition functions of the infinite/finite XX0 model in terms of the matrix integrals and corresponding
Toeplitz determinants, and their discrete versions. We obtain that the partition functions of strongly
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and weakly coupled XX0 models are given by matrix integrals with Gross-Witten and quadratic
potentials, respectively.
The main technique for studying the free energy and phase structure of the finite XX0 model
is extracted from the recent results in the context of the nonintersecting Brownian motion. The
exact relations between the nonintersecting Brownian motion and XX0 in [16],[17],[18], pave the
way for applying new probabilistic methods and results [23] from nonintersecting Brownian motion
to XX0 model. This leads to new results in the XX0 model. In fact, we use these methods to study
and interpret the previously obtained results for free energy and phase structure of the infinite
XX0 model [34]. Moreover, we perform a completely new study about the finite XX0 model, its
finite size effects in evaluation of free energy, phase structure and their interpretations. We exactly
follow this approach and obtain exact analytic results for the free energy and phase structure of
the finite XX0 model in the asymptotic limit. More precisely, we use the obtained results from the
definite stochastic processes in nonintersecting Brownian motion, which are expressed in terms of
the continuous/discrete Toeplitz determinants, and then apply them directly to calculate the free
energy of XX0 model.
Following this approach, we obtain our new results indicating that in the asymptotic limit, ratio of
the partition functions of finite and infinite XX0 spin chain is given by the Tracy-Widom distribution.
Furthermore, we elaborate on asymptotic limit of finite XX0 by precise analysis of the Tracy-Widom
distribution in the asymptotic limit. We find a new, rich and sophisticated phase structure that
exhibits different physical features in different regions of the moduli space of the parameters. More
precisely, we separately study the asymptotic limit of finite XX0 model in strong and weak coupling
regimes and we obtain explicit new expressions for free energy in each regime. The obtained results
indicate: (I) a phase diagram with second- and third-order domain walls in strong coupling regime
and (II) a third-order phase transition in weak coupling regime.
Finally, we use the basic connection between XX0 model and nonintersecting Brownian motion
to obtain a mathematical result for our interpretation. Based on this connections and the obtained
mathematical result, we provide a possible new interpretation for free energy and phase structure of
the XX0 model. This interpretation is in terms of the dynamics of the magnons and their distribution
in the spin chain. This distribution determines a quantum state which is a representative of each
region in the phase diagram. Via this, first we interpret the Gross-Witten phase transition in the
infinite XX0 model by the phenomenon of freezing of the magnons in the spin chain. Then, we
interpret the extra term in the free energy of the finite XX0 model as the finite size effect and by
using the mathematical results about the dynamics of the diffusing magnons we find interpretation
of the finite size effect.
This paper is organized as follows. In sec. II, we describe finite XX0 model and its matrix model
representation. New results in free energy and phase structure of finite XX0 model in the asymptotic
limit are presented in sec. III. Then, in sec. IV, we interpret the obtained results about the new
phase transitions in XX0 model. Finally, in sec. V we discuss possible issues and available directions
for further studies. To be self-contained, there are four appendices that cover some physical and
mathematical results from the literature that are crucial for understanding the new results of the
paper.
2. XX0 Heisenberg spin chain and random matrix theory
In this section we define the Heisenberg XX0 model and briefly review some of results without
derivation. Our main focus is on the partition function of the model and its representation in terms
of the matrix integrals and Toeplitz determinants. However, as it will be crucial in the rest of
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this paper, we will point out some similarities between dynamics of the XX0 model and that of
nonintersecting Brownian motion (NIBM). We keep our discussions in this section to a minimum
required length and thus we only discuss the necessary ideas and results that will be used in the
following chapters. To be self-contained, we collect some crucial facts and results in Appendices and
for further explanations and derivations of the results, see for example [11].
The XX0 model has diverse relations with recent topics of research in mathematical physics such
as combinatorial and probabilistic models such as alternating sign matrices [35], random tilings,
theory of random walks in lattice and random matrix theory [22], plane partitions and theory of
symmetric functions [36],[37], and also topological string theory [38].
2.1. XX0 spin chain and its correlation functions. Let us start with the most general finite
size, XYZ Heisenberg spin chain with the following Hamiltonian,
HˆXY Z = −
N∑
k=0
(
Jxσ
x
kσ
x
k+1 + Jyσ
y
kσ
y
k+1 + Jzσ
z
kσ
z
k+1 + hσ
z
k
)
,
where σx,y,z are the Pauli matrices,
σx =
[
0 1
1 0
]
, σy =
[
0 −i
i 0
]
, σz =
[
1 0
0 −1
]
,
Jx, Jy, Jz are the couplings and h is the external magnetic field. In this study we focus on the
isotropic and periodic Heisenberg spin chain of finite size N with Jx = Jy = ∆/8, Jz = 0 and h = 0,
which is called XX0 spin chain with the following Hamiltonian,
HˆXX0 = −
N∑
n=1
N∑
m=1
∆nmσ
+
n σ
−
m, (1)
where raising and lowering spin operators are defined by σ±k = (σ
x
k±iσyk)/2, and ∆nm is the nearest
neighbour coupling constant, satisfying the periodic boundary condition,
∆nm =
∆
2
(δ|n−m|,1 + δ|n−m|,N−1). (2)
Recently, considerable studies have been devoted to different aspects of the XX0 model as an
integrable model. This includes the study of time-dependent (thermal) correlation functions of XX0
model. The correlation functions of XX0 model as a special case of XY model, at zero temperature
are studied in [39],[40],[41]. At nonzero temperature, by using the similarities to the gas of bosons on
a line, the correlation functions of XX0 model are investigated in [42],[43],[44],[45],[46],[47], and the
equal time correlation function was obtained in [48],[49]. Furthermore, time-dependent correlation
function is obtained in [50] using the Fredholm determinant of a linear integral operator. The corre-
lation functions of XXZ and XX0 models in thermodynamic limit are studied in [51],[52],[53],[54],[50].
Using similarities between XX0 model and NIBM, correlation functions of XX0 model in low tem-
perature limit are recently formulated and investigated by Bogoliubov, [16],[17],[18].
As we mentioned before and also summarized in Appendix D, different nonzero thermal correlation
functions in the XX0 spin chain can be defined and studied, using the combinatorial features of the
XX0 model. These correlation functions are basically made by spin averages over the product of
spin operators acting on the ferromagnetic vacuum. We can rewrite the correlation functions by
first acting the spin operators on the ferromagnetic vacuum and obtaining a new states and then the
correlation functions can be written as the spin average over the time evolution operator between
the new states. In this study, first we fix the initial and final spin state. In other words, we consider
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a specific arrangement of the spin operators which leave us with a particular state, a set of Nf
neighboring spin-down states, located on a finite segment of ferromagnetic vacuum with length N.
This defines a correlation function, which for reasons that will be mentioned we call it the partition
function from now on. Thus, the partition function is defined as
ZXX0 ≔ 〈⇑|
Nf∏
i=1
σ+Nf−ie
−tHˆXX0
Nf∏
i=1
σ−Nf−i |⇑〉 = 〈
N︷ ︸︸ ︷
↑, ..., ↑, ↓, ..., ↓, ↓︸ ︷︷ ︸
Nf
| e−tHˆXX0 |
N︷ ︸︸ ︷
↓, ↓, ..., ↓︸ ︷︷ ︸
Nf
, ↑, ..., ↑〉 , (3)
where the ferromagnetic vacuum, the state of all the spins up, is defined as |⇑〉 = ⊗Nn=1 |↑〉n, and N,
Nf and t are size of the spin chain, size of spin-down segment i.e. number of the flipped spins (in
the literature, [2], this is often called Nf magnons) and evolutionary parameter or time, respectively.
It is natural to interpret the time as inverse temperature in the context of the statistical mechanics.
There are technical reasons for choosing this special correlation function. This correlation function
is basically the simplest possible correlation function from the mathematical point of view. In fact,
as we discussed in Appendix D, with this arrangement of spin operators, the Schur functiona, which
appear in the matrix integral form of the correlation function, are equal to identity and thus the
correlation function takes the simple form of the Gross-Witten matrix integral. Taking this into
account and also considering the fact that HˆXX0 |⇑〉 = 0, and 〈⇑| exp(−tHˆXX0) |⇑〉 = 1, we call
the correlation function 3, the partition function of XX0 model. From physical point of view, the
prepared state with above arrangement of spin-downs has maximum energy in comparison with
other states with equal number of magnons. The time evolution operator acts on this state and
push the magnons to diffuse into the vacuum and reduce the energy. As we will explain in sec. 4,
there will be different situations regarding to the distribution of magnons and this determines the
phase structure of the model.
As we mentioned, the correlation functions of XX0 in the thermodynamic limit have been studied
before. Our main goal in this study is to find the analytic expression for the above partition
function (3) in the asymptotic limit; the limit of large t , N and Nf . As we will observe, the
result of asymptotic analysis of the partition function depends explicitly on the relations between
the parameters or technically the moduli space of the parameters.
Our strategy toward the calculations of above partition function is first to use the matrix integral
representation of the correlation functions and second to apply the results from NIBM, which is
obtained in terms of the matrix integrals and Toeplitz determinants.
The relation between XX0 model and NIBM is studied comprehensively by Bogoliubov [16] and
it has been used to derive the thermal correlation functions. This relation is at the heart of this
study and thus let us summarize the key points of this connection. A remarkable property of the
XX0 model is that the Hamiltonian of the model generates the dynamics of the one-dimensional
vicious random walks. In fact, the transition between up and down spin at the sites of the XX0 spin
chain can be considered as a random move of random walkers in an one-dimensional vicious random
walks model, see Appendix A. Moreover, generating function for the vicious random walks can be
constructed from the correlation functions of the spin operators in the ferromagnetic vacuum state
of the XX0 model in a zero magnetic field. Another remarkable feature of the XX0 model is that
the the correlations functions, made out of the many particle states, have definite combinatorial
features and in fact can be written as matrix integrals with Schur symmetric functions playing the
role of spin operators. These properties and their consequences provide a feasible approach toward
first, the understanding of a simple combinatorial and stochastic picture for the dynamics of the
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XX0 model and second, an explicit calculation of the correlation functions in the regime of finite
parameters and also in the asymptotic limit.
2.2. Matrix model for XX0 spin chain. In this part, we explain the matrix integral and
Toeplitz/Hankel determinant representation of the partition function of finite and infinite XX0 spin
chains. In this way, first, following [16], we explain a result, indicating that the partition function
of infinite XX0 spin chain can be represented by matrix integral with an specific weight function.
Then we deduce the representation of the finite XX0 model as a discrete version of the matrix inte-
gral. More explanations on this matter are reviewed in Appendix D. Finally, by using Heine-Szego¨
identity [55] we express the partition function of XX0 model in terms of the Toeplitz and Hankel
determinants.
The random matrix theory, the theory of finite/infinite matrices with Gaussian independently
distributed random entries, is a powerful method for studying variety of physical systems and math-
ematical models. The main theme of applications of the random matrix theory in physics is emerged
from the fact that the partition function of a two-dimensional gas of charged particles, interacting
with a two dimensional Coulomb force and an external potential, can be extracted by a matrix
integral, i.e. integration over all the eigenvalues of a random matrix in random Gaussian ensembles
[56]. In the context of our study, the random matrix theory is used to extract the partition function
of the XX0 spin chain. Using the connections with NIBM, Bogoliubov [16] derived the time depen-
dent (thermal) correlation functions of the infinitely large size XX0 model, which we call it infinite
XX0 model, in terms of a continuous matrix integral with Gross-Witten potential over the Schur
functions, see Appendix D. As it has been argued above and in Appendix D, the partition function
of the infinite XX0 model, Eq. 3, for N →∞, is an special case (with the Schur functions equal to
identity) of the matrix integral formula Eq. 50 for the correlation functions Eq. 49,
ZXX0 =
Nf∏
j=1
∫ pi
−pi
dαj
2π
fGW (e
iαj )
∏
l<p
|eiαl − eiαp |2, fGW = etVGW , (4)
where fGW is the weight function of the Gross-Witten potential VGW (z) =
z+z−1
2 and z = e
iα (α is
eigenvalue value of random matrix). Notice that this matrix model has dimension Nf and t is the
parameter in the weight function. This matrix model has been studied in two-dimensional lattice
gauge theories, called Gross-Witten-Wadia ( for short GW) model, [57], [58]. From now on, for more
convenience we rename ZXX0 by ZGW .
It would be natural to think that the partition function of finite size XX0 model can be written
as a discretization of the above matrix integral (4) as
Z
|d|
GW =
1
Nf !|d|Nf
∞∑
(z1,...,zNf )∈|d|
Nf
Nf∏
j=1
fGW (zj)
∏
1<j<l6Nf
|zj − zl|2, (5)
where d is a finite domain, a discrete subset of R with size |d|.
The Gross-Witten matrix integral (4) can be expanded for small values of the eigenvalues around
α = 0 and the leading matrix integral becomes a Gaussian matrix integral with a quadratic potential
VQP (α) =
−α2
2 , as follow
ZQP =
Nf∏
j=1
∫ pi
−pi
dαj
2π
fQP (αj)
∏
l<p
|αl − αp|2, fQP (α) = etVQP . (6)
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Similar to Eq. 5, the discrete version of the above matrix integral (6) can be written easily. Later
we will discuss the importance and implication of the Gaussian matrix integral in the asymptotic
limit of the correlation functions in XX0 model. In fact, we will find that a partition function for
the XX0 model with weakly coupled (∆≪ 1) Hamiltonian is equal to the Gaussian matrix integral.
Using the Heine-Szego¨ identity [55], which identifies the matrix integrals with Toeplitz and Han-
kel determinants, we can replace the partition functions of infinite and finite size XX0 models,
represented as continuous and discrete matrix integrals Eqs. 4-6, with the continuous and discrete
Toeplitz Eq. 42, and Hankel determinants Eq. 46, as follow
ZGW = DNf (fGW ), Z
|d|
GW = D
|d|
Nf
(fGW ), (7)
and
ZQP = HNf (fQP ), Z |d|QP = H |d|Nf (fQP ). (8)
The reviewed results in this section are the key steps toward the explicit calculations of the
partition functions and free energy of the (in)finite XX0 spin chain. As we will observe in the
following section, the explicit form of free energy will be used to extract the phase transitions
in the model and also to interpret the physical meaning of the different domains in the phase
structure. In fact, we will use the recent results in NIBM [23] in a twofold way. First, we use
the correspondence between dynamics of magnons in the ferromagnetic vacuum and the motion of
nonintersecting walkers in the NIBM. This correspondence pave the way to prove that the partition
function of XX0 model can be written as partition function (Toeplitz/Hankel determinants) of a
NIBM. Second, we use exact results for the probability of the width of random walkers in the NIBM
which is expressed in terms of the Toeplitz and Hankel determinants. The distribution of this width
is the Tracy-Widom function which has different trends in its tails. This difference is the origin of
phase transitions in the XX0 model.
3. New results for free energy and phase structure of XX0 Model
In this section, our goal is to find explicit expression for the free energy of XX0 model which
determines phase structure of the model. Later, by using the exact correspondence between NIBM
and XX0 model, we interpret the obtained results.
Let us quickly overview the important methods and new results of this study. Our main strategy
to obtain the free energy and phase structure of XX0 model is first to use the matrix integral
representation of the XX0 partition function and second to apply the exact results of NIBM, to
XX0 model by using the connections between XX0 model and NIBM. In precise words, by using
the two main results from [16],[23], reviewed in previous chapter and in Appendix C, we obtain
our new result indicating that the ratio of partition function of finite and infinite XX0 model, in
the asymptotic limit, is given by the Tracy-Widom distribution function, see Eq. 13. A careful
asymptotic analysis of this result gives us an explicit new formulas for free energy of finite XX0
model, in different regions of the moduli space, see Eqs. 22 and 23. Based on this, we extract the
new phase diagram of the XX0 model, which indicates the existence of second- and third-order phase
transitions in XX0 model, see Fig. 1. Finally, we provide a possible interpretation for the new phase
structure of the model by assigning a quantum state to each region in the phase diagram, see Fig.
4.
In order to carefully translate the results from NIBM to XX0 model we use a dictionary, that
relates the parameters of two models. In this study, following [16], and as we mentioned before, N,
Nf and t are length of ferromagnetic vacuum, length of the flipped spins (number of magnons) and
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time, respectively. In the NIBM, N, Nf and t are the size of system, number of vicious walkers and
time, respectively. And in the random matrix theory, N, Nf and t are the indicator of the discrete
structure, the rank of the random matrix and a parameter in the weight function, respectively.
Now, we can explain new fundamental result of this study. We adopt a procedure to determine
the asymptotic free energy of the finite XX0 model. In fact, instead of performing a direct as-
ymptotic analysis of discrete and continuous partition functions, i.e. the discrete and continuous
Toeplitz and Hankel determinants, we use the obtained results for the ratio of discrete and continu-
ous determinants in terms of probability distributions in the context of NIBM. This mathematical
approach has been also used in the context of Chern-Simons theory [59]. In other words, first we
use the Toeplitz/Hankel determinant representation of the partition function of XX0 model, Eq. 7
and Eq. 8, and second we obtain the asymptotic of the discrete and continuous Toeplitz/Hankel
determinants from the asymptotic of the probability distributions of the width in NIBM.
In the following, we consider the Gross-Witten case with weight function f(z) = e
t
2 (z+z
−1). Com-
bining Eqs. 43 and 44 in Appendix C, and using
D
|ds|
Nf
(f, |ds|)
DNf (f)
=
Z
|d|
GW
ZGW
, (9)
one can obtain
lim
min(N,Nf ,t)→∞
∮
|s|=1
Z
|d|
GW
ZGW
ds
2πis
= F (
N − µ
σ
), (10)
where µ and σ are defined by
µ ≔
{
Nf + t Nf ≥ t
2
√
Nf t Nf < t
, σ ≔

2
− 13 t
1
3 Nf ≥ t
2−
2
3 t
1
3 (
√
Nf
t +
√
t
Nf
)
1
3 Nf < t
. (11)
In case s = 1, Eq. 10, gives the following new result for XX0 spin chain,
lim
min(N,Nf ,t)→∞
Z
|d|
GW
ZGW
= F (
N − µ
σ
). (12)
In the same manner, one can obtain similar result for the quadratic potential. In summary, by
combining the results for probability distributions of NIBM, in Appendix C, separately in Eqs. 43
and 44 for s = 1, and in Eqs. 47 and 48 for s = 0 and t = Nf , through an appropriate re-scaling
and limiting process we obtain that the ratio of Toeplitz/Hankel determinants in the double scaling
limit is the Tracy-Widom distribution and thus one can obtain the following new and fundamental
results in XX0 spin chains, which is a concrete relation between partition functions of finite and
infinite XX0 spin chains,
lim
min(N,Nf ,t)→∞
cGW/QP
Z
|d|
GW/QP
ZGW/QP
= F (xGW/QP ), (13)
where F (x) is Tracy-Widom distribution function [60] (see Appendix B), and in the case of Gross-
Witten potential, cGW = 1 and xGW =
N−µ(Nf ,t)
σ(Nf ,t)
and for the quadratic potential, cQP = (N
√
Nf/
√
2π)−Nf
and xQP = (N − 2
√
Nf )2
2/3N
1/6
f . Equation 13 explains how the partition function of finite XX0
spin chain is related to the infinite one by the Tracy-Widom distribution function. All the new
results for the free energy and phase structure of XX0 spin chain in the following sections, are direct
and indirect consequences of this result after some re-scaling.
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3.1. Free energy and phase structure of XX0 spin chain; Gross-Witten case. In this part,
by using our new result, Eq. 13 in the Gross-Witten case we will derive the explicit form of the free
energy of finite XX0 spin chain in the asymptotic limit and we will extract the phase diagram of the
model.
In order to calculate the free energy of the finite XX0 model, we need first the free energy of the
infinite spin chain, then by using Eq. 13 we can obtain the free energy of the finite spin chain. The
free energy of infinite XX0 model, defined as FGW =
1
N2f
logZGW , can be expressed in terms of the
continuous matrix integral with the Gross-Witten potential, Eq. 4. In this way, the free energy in
the asymptotic limit is obtained first in [58] and then rigorously proved in [61], as follow
lim
Nf ,t→∞
FGW (τ) =


τ2
4 0 < τ ≤ 1
τ − 34 − log τ2 τ > 1
, (14)
where the ratio τ = tNf is fixed in the asymptotic limit Nf , t → ∞. It can be observed that there
is a discontinuity in third order derivative of free energy FGW at τ = 1, which indicates a third-
order phase transition in the infinite XX0 spin chain. This phase transition has been noticed and
studied in [34] and [11], and possible implications of that have been discussed. Furthermore, there
are similar phase transitions in NIBM [15] and other relevant combinatorial models such as tilings
of Aztec diamonds [62]. The third-order phase transitions are recently reviewed in [63]. We will
provide a new physical interpretation of this phase transition in terms of the diffusion of magnons
in the ferromagnetic vacuum in the Sec. 4.
Having an explicit form of the free energy of infinite XX0 model, Eq. 14, now we are in position
to apply the methods from [59] and explicitly calculate the free energy of finite XX0 model by using
Eq. 13. This equation can be rewritten for the free energy of finite XX0 model as
lim
N,Nf ,t→∞
F
|d|
GW = lim
N,Nf ,t→∞
(
FGW +
1
N2f
logF (x) − 1
N2f
log cGW
)
, (15)
where F
|d|
GW =
1
N2f
logZ
|d|
GW and x, the argument of Tracy-Widom distribution, is x =
N−µ(Nf ,t)
σ(Nf ,t)
. By
fixing the following parameters; rescaled time τ = tNf and inverse magnon density n
−1 = NNf , the
argument of the Tracy-Widom distribution can be written as x = jN
2/3
f where
j =


n−1−(τ+1)
2−
1
3 τ
1
3
τ ≤ 1
n−1−2τ 12
2−
2
3 τ
1
3 (τ
1
2 +τ−
1
2 )
1
3
τ > 1
. (16)
Also notice that in the asymptotic limit, N,Nf , t→∞, for N > µ, x tends to ∞ and for N < µ, x
tends to −∞ whereas the inverse density n−1 at the critical point (N = µ), can be written by using
Eq. 11, as
n−1 =
N
Nf
=
µ
Nf
=
{
1 + τ τ ≤ 1
2
√
τ τ > 1
. (17)
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Hence, the asymptotic behavior of the Tracy-Widom distribution, Eq. 41 in Appendix B,
F (x) =


1−O(e−x3/2) x→∞
O(e−|x|3) x→ −∞
, (18)
can be written in terms of the XX0 models parameters as
F (n−1, t) =


1−O(e−j3/2Nf ) n−1 > 1 + τ , τ ≤ 1
1−O(e−j3/2Nf ) n−1 > 2√τ , τ > 1
O(e−|j|3N2f ) n−1 < 1 + τ , τ ≤ 1
O(e−|j|3N2f ) n−1 < 2√τ , τ > 1
, (19)
where j depends on τ as in Eq. 16. As we will see, the asymptotic behavior of the Tracy-Widom
distribution is the deriving source for the phase structure of the XX0 spin chain and in fact the
conditions in Eq. 19 determine the domain walls in the phase diagram of the model. Finally,
Substituting Eq. 14 and precise form of Eq. 19 (by using Eq. 40) in Eq. 15, we can write the free
energy of the finite XX0 mode in the asymptotic limit as
for τ ≤ 1 : lim
N,Nf ,t→∞
F
|d|
GW =


τ2
4 + limNf→∞
(
1
N2f
log(1− e−c1j
3/2Nf
32pij3/2Nf
)
)
n−1 > τ + 1
τ2
4 + limNf→∞
(
1
N2
f
log(c3
e
−c2|j|
3N2f
|j|1/8N1/12f
)
)
n−1 < τ + 1
, (20)
where c1 = 4/3, c2 = 1/12 and c3 = 2
1
42 e
ξ(−1)
and
for τ > 1 : lim
N,Nf ,t→∞
F
|d|
GW =


τ − 34 − log τ2 + limNf→∞
(
1
N2f
log(1 − e−c1j
3/2Nf
32pij3/2Nf
)
)
n−1 > 2
√
τ
τ − 34 − log τ2 + limNf→∞
(
1
N2f
log(c3
e
−c2|j|
3N2f
|j|1/8N1/12f
)
)
n−1 < 2
√
τ
.
(21)
After expanding the logarithm in Eqs. 20 and 21 and keeping the finite terms in the asymptotic
limit, the explicit form of the free energy of finite XX0 model can be obtained as
for τ ≤ 1 : lim
N,Nf ,t→∞
F
|d|
GW =


τ2
4 n
−1 > τ + 1
τ2
4 − c22−1τ |n−1 − (τ + 1)|3 n−1 < τ + 1
, (22)
and
for τ > 1 : lim
N,Nf ,t→∞
F
|d|
GW =


τ − 34 − log τ2 n−1 > 2
√
τ
τ − 34 − log τ2 − c22−2τ(τ 12 +τ− 12 ) |n
−1 − 2√τ |3 n−1 < 2√τ
.
(23)
The above explicit results, Eqs. 22 and 23, indicate and determine the complete phase structure
of the XX0 model. As it can be seen from the four conditions in Eqs. 22 and 23, the phase diagram of
the model has four domain walls dividing the diagram to the four regions. The order of discontinuity
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τ
n
−
1
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2
3
4
n
−1
 = 2 τ1/2n
−1
 = τ+1
continuous  (IV)continuous (II)
discrete  (III)discrete (I)
Figure 1. Phase structure of finite XX0 model plotted on inverse density (n) versus
rescaled time (τ) diagram. Blue (border of region I & II), green (border of region
II & IV) and red (border of region III & IV) lines are third-order phase transition
domain walls while black line (border of region I & III) is a second-order domain
wall.
of derivative of free energy at each domain wall determines the order of each phase transition in
the phase diagram. The phase diagram of free energy is plotted in Fig. 1, in which the second- and
third-order phase transitions can be observed. In fact, the red, green and blue lines are third-order
domain walls, and the black line is a second-order domain wall. A possible physical interpretation
of these phase transitions in the XX0 model will be discussed in Sec. 4. As we will explain, the
discrete/continuous label in different regions of phase diagram, Fig. 1, refers to the fact that the
XX0 model is described by discrete/continuous matrix model in that region of the moduli space.
3.2. Free energy and phase structure of XX0 spin chain; quadratic potential case. As we
have seen in chapter two, the Gross-Witten matrix integral representation of the XX0 model in the
leading approximation, for small values of α, reduces to a matrix integral with the quadratic potential,
Eq. 6. In the first step, we will elaborate on the physical meaning of this quadratic/Gaussian matrix
integral from the XX0 model point of view. Then, we will follow the same procedure as previous
section and we obtain new results for the free energy of this model and its phase structure.
To understand the physical meaning of the Gaussian matrix model for XX0 model, we investigate
on a possible minimum deformation in the parameters the partition function of XX0 model, that
reflects the change of the weight function in the matrix integral from the Gross-Witten potential
to the quadratic potential. However, in our approach we only look for a deformation that does not
change the structure of the Hamiltonian of the model. The Gaussian matrix integral is the leading
term in the α-expansion of the Gross-Witten matrix integral and thus it approximately explains the
XX0 spin chain in some limit. The Gaussian matrix model gives the leading term of the partition
function of XX0 model, which is on the other hand given by ∆-expansion of the spin average of the
time evolution operator in Eq. 3. Therefore, although α- and ∆-expansion are obviously different
and independent, we can interchangeably use these expansions and approximate the leading term
of the XX0 partition function in the ∆-expansion by the Gaussian matrix integral. Moreover, the
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leading term in the ∆-expansion of Eq. 3 can be considered as the partition function of the XX0
model when we assume ∆ ≪ 1. Therefore, in comparison with the strong coupling case, ∆ = 1, in
which the XX0 model is described by Gross-Witten matrix integral, a weakly coupled XX0 model
and its partition function are governed by the Gaussian matrix integral. In fact, this is the only
possible interpretation of the Gaussian matrix integral for the spin chain model with the same XX0
Hamiltonian.
Similar to the previous section, we first obtain the free energy of the weakly coupled infinite XX0
model and then by using a version of Eq. 13 for quadratic potential, we can obtain the free energy
of the weakly coupled finite XX0 model as our final result. Before that, we must discuss about
resolution of a possible issue. Using the inherited scaling τ = tNf from the Gross-Witten case, we
can replace the parameter t by τNf in the quadratic potential in Eq. 6. Then, we should determine
the value of τ . It is easy to see that, if we choose τ ց 1, (τ tends to one in the regime τ > 1)
as t, Nf → ∞, then by using Eq. 11 in the regime t > Nf , xGW = N−µσ up to a numerical factor
tends to xQP = (N − 2
√
Nf )2
2/3N
1/6
f , provided that N in the Gross-Witten case is replaced by
N
√
Nf in the quadratic potential case. This will be explained and interpreted at the end of this
section. Thus, if we fix τ = 1 + ǫ (for infinitesimal parameter ǫ), the scaling behavior of the XX0
model with Gross-Witten potential becomes that of the XX0 model with the quadratic potential.
Thus, τ = 1 + ǫ is a right choice to transit from Gross-Witten case to Gaussian case. Moreover,
for τ = 1 + ǫ the matrix integral 6 becomes the Gaussian matrix integral with the weight function
f = exp (−Nf α22 ) and this has a convenient form for applying the known mathematical results from
[23].
In the asymptotic limit, the free energy of the infinite system can be easily obtained from FQP =
1
N2f
logZQP by using the exact expression for the matrix integral with quadratic potential Eq. 6, as
t, Nf → ∞ with fixed τ = t/Nf = 1 + ǫ. This exact expression is called Selberg integral, [64],[65],
and it can be read as
ZQP = (τNf )
−Nf
Nf∏
j=1
∫ ∞
−∞
dxj
2π
e−x
2
j/2
∏
l<p
|xl − xp|2 = (τNf )−Nf
Nf∏
j=1
Γ(1 + j)
Γ(2)
. (24)
The free energy of the weakly coupled finite XX0 model in the asymptotic limit is consequently
obtained from Eq. 13 as
lim
N,Nf ,t→∞
F
|d|
QP = limN,Nf ,t→∞
(
FQP +
1
N2f
logF (x)− 1
N2f
log cQP
)
, (25)
where F
|d|
QP =
1
N2f
logZ
|d|
QP and x = (N − 2
√
Nf)2
2/3N
1/6
f . Let us fix λ =
N√
Nf
in the asymptotic
limit, then the argument of the Tracy-Widom distribution becomes x = jN
2/3
f with j = 2
2/3(λ− 2).
In the asymptotic limit, using similar argument to one in the previous section, the sign of x at
infinity depends on the value of λ (relative value of N and
√
Nf) and the asymptotic behavior of
the Tracy-Widom distribution, Eq. 41 in Appendix B, can be read as
F (N,Nf ) =
{
1−O(e−j3/2Nf ) N > 2√Nf
O(e−|j|3N2f ) N < 2√Nf . (26)
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Finally, substituting Eq. 24 and precise version of Eq. 26 in Eq. 25, we can write the free energy of
weakly coupled finite XX0 model in the asymptotic limit, explicitly as
lim
N,Nf→∞
F
|d|
QP =


limNf→∞
(
FQP +
1
N2f
log(1− e−c1j
3/2Nf
32pij3/2Nf
)− 1
N2f
log(
λNf√
2pi
)−Nf
)
N > 2
√
Nf
limNf→∞
(
FQP +
1
N2f
log(c3
e
−c2|j|
3N2
f
|j|1/8N1/12f
)− 1
N2f
log(
λNf√
2pi
)−Nf
)
N < 2
√
Nf
.
(27)
Keeping the finite leading terms in the large Nf limit, we obtain
lim
N,Nf→∞
F
|d|
QP =


AQP λ > 2
AQP − 13 |λ− 2|3 λ < 2
, (28)
where AQP = limNf→∞ 1N2f
∑Nf
j=1 (log Γ(1 + j)− log Γ(2)).
Using the free energy of weakly coupled finite XX0 model, Eq. 28, the phase structure of the
model can be extracted as in Fig. 2. It can be easily observed that the red line in Fig. 2 is a third-
order domain wall, separating two regions in the moduli space of parameters. Using other plausible
methods, similar phase transition for the Gaussian matrix model has been observed in the Douglas-
Kazakov model, i.e. two-dimensional Yang-Mills theory [66]. In context of NIBM with periodic,
absorbing and reflecting boundary conditions, similar methods of matrix models with Gaussian
measure have been applied and by using the Tracy-Widom distribution, similar phase structure is
obtained [24], [26].
As final remark in this section, we comment on replacement of N (in Gross-Witten model) by
N
√
Nf (in Gaussian model). First, we should mention that, it is natural to expect different qual-
itative behaviors of the XX0 model in weak and strong coupling regimes, since they are described
by different matrix models with different potentials. Thus, the scaling behavior, N ∼ √Nf , of the
weakly coupled XX0 model (remember that we fix λ = N/
√
Nf ) is expected to be qualitatively dif-
ferent from that of the strongly coupled model, N ∼ Nf . However, this different scaling, N ∼
√
Nf ,
in the weakly coupled model indicates that as far as Nf is interpreted as the number of magnons
(which has dimension of size) in the proposed dictionary, N can’t be interpreted as the size of the spin
chain, anymore. In fact, the appropriate dictionary for the weakly coupled system, can be obtained
from the Gaussian matrix integral and its discretization on the domain, ds ≔ {
√
2pi
N
√
Nf
m|m ∈ Z}, see
Appendix C. From the definition of the domain ds, it can be seen that the size or the largest scale
of the system is N
√
Nf . This different scaling in this model can be traced back to the fact that
weight function in this case, fQP = exp(−Nf x22 ), is scaled by Nf . Thus, we prescribe that the size
of the weakly coupled finite XX0 spin chain is proportional to N
√
Nf . This interpretation is also
consistent with conditions in Eqs. 27 and 28, since we interpret the size of the chain to be N
√
Nf ,
then the number of magnons, Nf , can’t be larger than the size of the chain, which is naturally
expected.
Before we continue with the interpretation of the results, lets us make some comments about the
new results of this study. The phase structures of XX0 model and its weak coupling limit, Fig. 1
and 2 are new results of this study in the context of spin chains. The new mathematical method and
the careful detailed asymptotic analysis, to obtain the phase structure of matrix models is developed
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N N = 2 Nf1/2
continuous  (II)
discrete  (I)
Nf
Figure 2. Phase structure of XX0 model in the weak coupling regime plotted on
number of magnons Nf versus size indicator N diagram. Two phases of the system
are divided by a second-order domain wall.
by one of the authors in the context of Chern-Simons theory, [59], and our purpose in this study is
first to extend this to other matrix models with different potentials such as quadratic potential and
more importantly to apply this in the context of the XX0 spin chain and extract the phase structure
of this model. Furthermore, as we will see in the next section, we obtain and present a genuine
interpretation of the obtained mathematical results for the phase structure of XX0 model. Thus, in
this study we obtain not only a new phase structure for the XX0 model, but we also explore the
physical meaning and interpretation of the phase structure.
To compare with the similar results obtained with different plausible methods in similar contexts,
we mention the study in [34], in which the phase transition in the XX0 model is partially conjectured
only for the third-order phase transition in infinite size model, via its similarities to continuous
Gross-Witten model. However, the complete phase structure of the finite size model, including
third- and second-order phase transitions and the crucial role of the TW distribution, and also
the interpretations of the phase transitions in finite/infinite models are discussed in this study. In a
related context, third-order phase transitions in non-intersecting Brownian bridge, Gaussian discrete
matrix (Douglas-Kazakov) models, are studied using the TW distribution [67] and [26]. Beside the
similarities between our analysis of the phase structure in weakly coupled XX0 model and the one for
non-intersecting Brownian bridge in [67] and [26], the analysis of the phase structure of the NIBM
with the Gross-Witten potential (the original XX0 model) using the TW distribution leads to the
new result of this study.
4. Interpretation of XX0 phase structure
In previous chapter, we obtained phase transitions in the asymptotic limit of the finite XX0 spin
chain in the strong and weak coupling regimes. In this chapter, we provide a pictorial schematic
interpretations for the phase structures, (Fig. 1 and Fig. 2) of the XX0 spin chain. This interpreta-
tion is based on the dynamics of XX0 model given by the NIBM, and it consists of snapshots of the
quantum states (spin configurations) of the spin chain which are determined by the time evolution
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of the initial state in the asymptotic limit. The snapshots depend on the parameters of the system
and they demonstrate different qualitative features of the model in different regions of the moduli
space.
Despite the fact that spin chains are one-dimensional statistical models, the quantum and topo-
logical effects make the phase structure of XYZ Heisenbeg model interesting enough for intense
studies during this and last century. There are various quantum and topological phase transitions in
spin chains such as the XXZ and XY Heisenberg models, caused by effects of anisotropic couplings
and external magnetic field, see for example [2],[68],[69]. In contrast, the XX0 model, which is an
isotropic Heisenberg model, in zero magnetic field have not attended in any of the previously studied
quantum or topological phase transitions. However, in this study, we introduce and investigate new
phase transitions in the XX0 model which are not belong to the realm of usual quantum or topo-
logical phase transitions. The existence of such new phase transitions have been partially discussed
in [34] and [11], but in this work we obtain a complete phase structure of the model which not only
includes previously introduced phase transition but also contains other new phase transitions in this
model. In fact, by performing explicit calculations for the free energies in all regions of the phase
diagram we determined all the domain walls and the orders of the phase transitions. Moreover,
in this section we will provide a possible new interpretation for the obtained results of the phase
structure of the model.
Beside the fact that the new phase transitions in XX0 model are determined by the explicit
calculations of the free energy, the existence of equivalent phase transitions that occur in the NIBM
[23], [26] confirms our claim and furthermore provide us with an approach toward the interpretation
of the results. In fact, by using the correspondence between NIBM and XX0 model, as shown
in Eqs. 35 and 37 in Appendix A, the phase transitions in NIBM which belong to the classical
probabilistic and stochastic behavior of the system, help us to understand the physical meaning of
the phase transitions in the XX0 model.
In this study, as we explained in the previous chapter, we determined the phase diagrams of
the XX0 model in the strong and weak coupling regimes. Before starting the interpretation, we
should mention that in the following interpretations since the results are not dependent of boundary
conditions we ignore and relax the periodic boundary conditions and we talk about the finite spin
chain on a line segment with boundaries. In other words, the type of boundary conditions on the
boundaries of the chain plays no role in this analysis. Our first comment and interpretation is about
the asymptotic limit of the finite XX0 model. In fact, as it can be seen from Eqs. 22, 23 and 28, the
asymptotic limit of the free energy of finite XX0 model in some regions of the moduli space (upper
conditions in those equations) is given by that of the infinite model and thus we can claim that in
these regions of the moduli space the effect of size is washed out in the asymptotic limit and this
limit is the continuum limit and hence the model becomes real infinite (continuous) model with no
size effect. On the other hand, in other regions of the moduli space (lower conditions in Eqs. 22, 23
and 28), although the system is in the asymptotic limit and the size of the system is moderately
large, but since the asymptotic limit of the free energy of finite model, in addition to the free energy
of the infinite model, has an extra term, the system still shows the effects of size. Thus, we call the
model, finite (discrete) model with finite size effects, in the asymptotic limit. This extra term in
free energy can be interpreted as the energy of the finite size effects.
In the strong coupling XX0 model, as we have seen, we have two different kinds of phase transition.
The first one is the phase transition between region II and IV in Fig. 1, that happens in the infinite
XX0 model and it is described by the continuous matrix model and Eq. 14, and basically has no size
parameter. The other phase transitions between region (I & II), (III & IV) and (I & III) happen in
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the asymptotic limit of the finite XX0 model which is governed by the discrete matrix model and
Eqs. 22 and 23. In these phase transitions, as we mentioned before, although the size and other
parameters of the system are infinitely large, but there are regions (I and IV) in the moduli space
that in these regions (phases) the system still shows the effects of size whereas in the other regions
(II and III), the system behaves like a real infinite XX0 model with no size effect and described by
a continuous matrix model. That is the origin of the discrete and continuous labels in the phase
diagrams, Fig. 1 and Fig. 2. In the weak coupling regime, since the free energy is given by Eq. 28,
similar phase transition between discrete and continuous phases of the model happens, but we don’t
have a phase transition analogous to the one between regions (II and IV) and/or (I and III) in Fig. 1.
Before explaining each of the above phase transitions, we should mention the following important
points. In fact, all the interpretations in this section should be understood in the light of the following
points:
• All the reasoning in the interpretation of the results are based on a simple fact, which is
the correspondence between: i) Nf magnons and Nf nonintersecting random walkers, and
ii) diffusion dynamics of the magnons in the ferromagnetic vacuum of spin chain and the
nonintersecting Brownian motion of the random walkers in a fixed domain.
• Based on dynamics of the NIBM and its translation in terms of the diffusion of magnons
into the ferromagnetic vacuum, we will associate a quantum state, i.e. a configuration of
spins in each region of the phase diagram which demonstrates an equilibrium state obtained
from the time evolution of the initial quantum state, used in Eq. 3, in the asymptotic limit.
In fact, these configuration are different distributions for positions of the magnons in the
ferromagnetic vacuum, in the different regions of the phase diagram. The quantum state of
each phase reflects the qualitative feature of that phase. Furthermore, the quantum state
is in equilibrium, regardless of the local movement of magnons in the vacuum which is a
dynamical process.
• In this study, all the phase transitions in XX0 model take place in the asymptotic limit,
N,Nf , t → ∞, and they are resulted from the competition of these parameters or the
dimensionless rescaled parameters τ and n−1.
4.1. Strongly coupled infinite XX0 spin chain. First, we interpret the Gross-Witten phase
transition and its implications for XX0 model. The free energy of the infinite XX0 spin chain,
Eq. 14, determines a third-order phase transition, separating region II and IV in τ − n−1 phase
diagram at τ = 1 as shown in Fig. 1. In order to explain this phase transition, we focus on the
dynamical process of the diffusion of magnons in the ferromagnetic vacuum. As mentioned in Sec. 2
and explained in Appendix A, the diffusion of magnons into the ferromagnetic vacuum is entirely
equivalent to the dynamical process of random vicious walkers in NIBM.
Let us start with a collection of Nf neighbouring magnons, located in an arbitrary interval in
an infinitely large ferromagnetic vacuum, as shown in the Fig. 3. Notice that, for more clarity we
considered a symmetric quantum state which is different from the initial quantum state in Eq. 3. In
this section, we study the time evolution of the symmetric quantum state. The diffusion of magnons
into the vacuum starts at t = 0, and take place one spin after the other in each step of time. At
the beginning of time, there are Nf neighboring magnons, called localized (freezed) block of magnons
with size Nf . As the system evolves with time, those magnons which are located at the edge of the
localized block start to detach from the block and diffuse to the ferromagnetic vacuum, similar to
random vicious walkers in NIBM. As a result, size of the magnon block shrinks with time. Since at
any step of time the foremost magnons at the two ends of block have a chance to detach from the
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Figure 3. Symmetric version of quantum spin configurations of infinite XX0 model
in the region II & IV of Fig. 1. The region II has localized block of magnons and it
is called localized phase whereas the region IV is called diffusion phase with all the
magnons diffused into the vacuum and it has no localized block of magnons.
block, thus at time t, length of the magnon block with no chance to diffuse is Nf − t. The process
of detaching of magnons from the block would end when Nf = t, once all of Nf magnons have the
chance to diffuse and the magnon block would disappear.
As we will see now, the above explanation of the dynamics becomes more accurate in the limit of
the large parameters, Nf , t→∞ and we can explain the phases with more certainty. Now consider
the asymptotic limit, according to Eq. 14, depending on the ratio tNf , be smaller or bigger than one,
the system asymptotes to two different quantum states. As a matter of fact, the domain wall, τ = 1,
separates the phase diagram into two phases, τ ≤ 1 and τ > 1, with different free energy. In τ ≤ 1
phase, there is a localized block of magnons with non-zero size and the remaining magnons in this
block has no chance to diffuse in the vacuum and thus the XX0 spin chain has a long range order in
this phase. In fact, this localized block of magnons phase has been already noticed in the context
of NIBM, in which a part of vicious walkers path is frozen in τ ≤ 1 phase , see Figure 2 in [23].
However, in τ > 1 phase, all the magnons diffuse into the vacuum and thus there is no localized
block of magnons. Equivalently, the XX0 spin chain in this phase has no long range order.
4.2. Strongly coupled finite XX0 spin chain. Having examined and interpreted the Gross-
Witten phase transition in infinite XX0 spin chain, now we focus on studying and interpreting the
complete phase structure of finite XX0 model, Fig. 1.
The finite XX0 model in the asymptotic limit contains the Gross-Witten phase transition as well
as other phase transitions. In the same spirit as previous part, the interpretation of the new phase
transitions is based on the diffusion of magnons in the ferromagnetic vacuum and the propagation
of the corresponding vicious random walkers. Here, the difference with the previous part is that
the XX0 model has the size parameter N which plays a crucial role along the effects of the other
parameters, in the asymptotic limit. Thus, as we also mentioned in the beginning of this chapter,
the main difference between the asymptotic limit of the finite XX0 model and the infinite model is
that in the asymptotic limit, the finite system bifurcates into two chambers of the moduli space with
respect to the behavior of the parameter N . One is with real infinitely large size XX0 model with no
size effect and the other one is with moderately large size XX0 model but still with non-negligible
finite size effect.
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From a mathematical point of view, the diffusion of the magnons into the vacuum is equivalent
to the propagation of vicious walkers in a fixed domain and thus we can study the size effects in
the process of magnon diffusion by investigating the probability distribution of the width of the
NIBM in a finite domain, see Appendix C. The size effect in the asymptotic limit of the spin chain
is reflected in the dynamics of the magnons and, as we will explain more in this section, we can
interpret the effect of size by the event that at least a diffusing magnon (the first magnon in the
initial block of magnons next to the vacuum) in the vacuum of the strongly coupled XX0 model
reaches to the boundary of the spin chain, in the asymptotic limit. In NIBM, this is equivalent to
the event that the width WNf of the NIBM becomes equal or greater than the size of the domain, N .
Let us denote the first magnon in the block of magnons by m and the boundary of the spin chain by
B, and define m  B as an event that the first magnon reaches to the boundary of the spin chain.
Then by using the fact that the dynamics of the magnons in the spin chain is equivalent to that of
the vicious walkers in NIBM, we can write
P(m B) ≡ P(WNf ≥ N) = 1− P(WNf < N), (29)
and thus by using Eqs. 43 and 44 in C, we obtain
lim
N,Nf ,t→∞
P(m B) = 1− F
(
N − µ(Nf , t)
σ(Nf , t)
)
, (30)
whereN is the size of the spin chain. Then, by using the asymptotic of the Tracy-Widom distribution,
Eq. 19, we obtain the leading order probability that a magnon reaches to the boundary,
lim
N,Nf ,t→∞
P(m B) =


0 n−1 > 1 + τ , τ ≤ 1
0 n−1 > 2
√
τ , τ > 1
1 n−1 < 1 + τ , τ ≤ 1
1 n−1 < 2
√
τ , τ > 1
. (31)
This result determines that, in each region of the moduli space of the parameters, whether a diffusing
magnon into the vacuum of strongly coupled XX0 model reaches to the boundary of the spin chain
(thus we have a finite size effect) or not. However, for XX0 model with periodic boundary conditions
and no apparent boundaries, we can rephrase the interpretation by saying that, in one phase diffusing
magnons can move globally and get to the distances of size of the chain, i.e. of the order O(N), and
unlike the other phase in which their movements are restricted to the local sizes of order O(1).
One of our goal in this section is to find an interpretation based on the dynamics of the magnons,
for the extra term in the asymptotic limit of the free energy of the finite XX0 model in comparison
to that of the infinite XX0 model (compare second lines to first lines in Eq. 22 and Eq. 23). As we
briefly mentioned, to interpret the (non)existence of the finite size effects in terms of the dynamics
of magnons, it would be natural to think that in the (in)finite XX0 model the diffusing magnons
do (not) reach to the borders of the chain. In other words, the conditions of the model in the
asymptotic limit and the competition between scaled time and scaled size, which is given by the
relations between the parameters of the model (in the first and second lines of the Eq. 22 and Eq. 23),
determine that whether diffusing magnons can reach to the boundary of the chain or not and thus
we have or have not the size effects in the model. Therefore, we can summarize that the extra terms
in the free energy emerge because of the finite size effects and in fact they can be interpreted as the
interaction energy of the diffusing magnons with the boundary of the chain.
As a result, in the phase that the asymptotic limit of the finite XX0 model is given by the infinite
XX0 model, no matter how far the diffusing magnons can proceed into the vacuum, still there will be
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Region (IV )
intact vacuum
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localized block of magnons
localized block of magnons
Figure 4. Quantum spin configurations of finite XX0 model in asymptotic limit
corresponding to each region of the phase diagram, Fig. 1.
an infinitely large ferromagnetic vacuum which is not occupied by the diffusing magnons. Lets name
this undisturbed vacuum as intact vacuum. Therefore, the absence or present of finite size effect
determines the existence or absence of intact vacuum in quantum state of XX0 model, respectively.
In addition, the phase diagram of the finite XX0 model is also separated by τ = 1 domain wall, into
two phases which is characterized by the absence or presence of the localized block of magnons, as
discussed in section (4.1). Therefore, the different regions in the phase diagram of the finite XX0
model in the asymptotic limit are contrasted from each other by inclusion and exclusion of intact
vacuum and localized block of magnons, separately.
In the rest of this section, based on the above interpretations, we will provide a physical description
and schematic illustration, Fig. 4, for each region of the complete phase diagram of XX0 model. To
summarize, the phase structure of the finite XX0 model, determined by free energies (Eqs. 22 and
23), has four domain walls dividing τ − n−1 phase diagram into four regions, shown in the Fig. 1,
and each region has the following interpretation:
• In region (I) with n−1 < τ + 1 and τ < 1, the quantum state contains a localized block of
magnons and some but not all of the magnons diffuse to the vacuum and sweep the whole
ferromagenetic vacuum and at least one of them (the last one in the row) reach to the
boundary of the chain and thus no intact vacuum remains. Thus, it is a moderately large
but finite size spin chain.
• In region (II) with n−1 > τ + 1 and τ < 1, similar to region (I) there is a localized block
of magnons in the quantum state, however, the diffusing magnons can not probe all the
ferromagnetic vacuum and thus there will be an intact vacuum in the spin chain. Thus, it
is an infinite spin chain.
• In region (III) with n−1 < 2√τ and τ > 1, all the magnons from the initial localized block
diffuses to the vacuum and there is no localized block of magnons, furthermore, at least a
magnon probes the whole vacuum to its boundary and this causes the absence of the intact
vacuum in the quantum state. Thus, it is a finite spin chain with a moderately large size.
• In region (IV) with n−1 > 2√τ and τ > 1, the quantum state contains an intact vacuum
but no localized block of magnons. Thus, it is an infinitely large spin chain.
4.3. Weakly coupled XX0 spin chain. As we noticed in section (3.2), weakly coupled XX0 model
has a different scaling compare to strongly coupled model. This different scaling implies a different
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dictionary and interpretation for the weakly coupled model. However, as we will see, the weakly
coupled XX0 model is governed by roughly the same dynamics as the strongly coupled model,
obtained from the NIBM. Possible differences are originated from the different potentials in the
corresponding matrix models and different values of the coupling in the Hamiltonian. We obtained
the weakly coupled system and its Gaussian matrix model from z → 1 and t → ∞ limits of the
strongly coupled system with the Gross-Witten matrix model, thus we expect the same dynamical
behavior for the diffusing magnons and nonintersecting vicious walkers in these limits. Moreover,
the Gaussian matrix model appears in a version of NIBM, called nonintersecting Brownian bridge
(see Appendix C.2) and therefore dynamics of weakly coupled XX0 model is obtained from NIBM.
We start our discussion with an obvious required changes to the proposed dictionary in section
3. In contrast to Gross-Witten case that N is the size of the spin chain, in the quadratic potential
case, the size of the weakly coupled spin chain is given by N
√
Nf . Equivalently, the width WN of
the NIBM in the Gross-Witten case should be replaced by WN
√
Nf , as we transfer to the quadratic
potential in the limit of Gross-Witten case, see section (3.2) and appendix C. On the other hand,
the interpretations of Nf and t as the number of magnons and time, remain the same as in strongly
coupled system. However, in the matrix model description of the weakly coupled XX0 model, t
and Nf are at infinite limit, and dynamical parameter of the system, time t, is hidden since it is
identified with Nf , as we fixed τ = 1 + ǫ, see the discussion in section (3.2).
In the case of weakly coupled infinite XX0 spin chain with partition function 24, the location of
the system in the moduli space of the models is on the domain wall τ = 1+ ǫ of the strongly coupled
XX0 model and thus there is no Gross-Witten type phase transition for the weakly coupled infinite
XX0 spin chain. This can also be seen from the fact that in the nonintersecting Brownian bridge,
see Appendix C.2, there is no freezed region for the path of vicious walkers and thus all the magnons
are moving around in the ferromagnetic vacuum and we do not have localized block of magnons.
Thus, the weakly coupled XX0 model in the asymptotic limit is always in the diffusion phase of
the strongly coupled model in Fig. 3. However, as Eq. 28 indicates, the weakly coupled finite XX0
model in the asymptotic limit has a third order phase transition. Using the interpretations discussed
in previous part, it is easy to guess that the source of this phase transition is the finite size effects
of the model.
Similar to the previous section, by using Eqs. C.7 and C.8 in Appendix C, we can obtain the
probability that a diffusing magnon in the vacuum of the weakly coupled XX0 model reaches to the
boundary of the system in the asymptotic limit as
lim
N,Nf→∞
P(m B) = 1− F
(
(N − 2
√
Nf)2
2/3N
1/6
f
)
. (32)
Consequently, the asymptotic of the Tracy-Widom distribution, Eq. 26, determines the leading
probability that a magnon reaches to the boundary of the system as follow
lim
N,Nf→∞
P(m B) =
{
0 N > 2
√
Nf
1 N < 2
√
Nf
. (33)
This result determines, in each region of the moduli space of the parameters, that whether a diffusing
magnon into the vacuum of weakly coupled XX0 model reaches to the boundary of the spin chain
(thus we have finite size effects) or not.
Roughly the same qualitative arguments about the diffusion dynamics of the magnons can be used
to interpret the phase transition in weakly coupled XX0 model, Fig. 2. In fact, the competition
between the size of spin chain and the size of initial block of magnons leads to the phase transition
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Region (I)
Region (II)
intact vacuum
Figure 5. Quantum spin configurations of weakly coupled XX0 model in different
phases of the phase diagram Fig. 2.
between a phase that a diffusing magnon reaches to the boundary and we have size effects and
another phase that a diffusing magnon does not reach to the boundary and there is no size effect.
In this transition, N − Nf diagram is separated by N = 2
√
Nf domain wall into two regions (see
Fig. 2). In general, the physical interpretation of regions I and II in Fig. 2 is similar to regions III
and IV in Fig. 1, respectively. In fact, as τ = 1 + ǫ, there is no localized block of magnons in any
of the two phases and in region (I) number of magnons is bigger or equal than half-szie of the spin
chain and at least a magnon reaches to the boundary of spin chain, thus the quantum state contains
no intact vacuum and the system is moderately large spin chain governed by discrete matrix model,
whereas in region (II) number of magnons is less than half-szie of the spin chain and none of the
magnons can reach the boundary and thus the quantum state contains an intact vacuum, and the
system is infinite spin chain governed by continuous matrix model, see Fig. 5.
As final remark of this section, we should make it clear that in the proposed equilibrium quantum
states, Fig. 4 and 5, which is obtained from the time evolution of the initial quantum states in
the asymptotic limit for each phase of the XX0 model, we only focus on the definite features of
the phase, such as localized block of magnons and intact vacuum but there are options for the spin
configurations in the remaining part of the quantum state. These definite features are permanent
characteristics of any quantum states in that phase, but the spin configurations of the remaining
parts of the quantum state can be arbitrary chosen. For example, the final quantum state in Eq. 3
are chosen to be exactly equal to the initial quantum states. That means all the diffusing magnons
should return to their original position and we calculate the probability of this event. In this case,
in fact we are calculating the reunion probability for the vicious walkers in NIBM, [24]. From
another point of view, we have chosen the initial and final quantum states such that the explicit
evaluation of the correlation function, Eq. 3, becomes mathematically feasible, because there is no
Schur functions in the matrix integrals, and the explicit results reveal the phase transitions in the
XX0 model. However, any other correlation functions in XX0 model, at least with the same initial
quantum state as in Eq. 3 but with an arbitrary final quantum state, in principle would determine
the same phase structure, because the above definite features of the quantum states are still present.
For correlation functions with arbitrary initial and final quantum state, see Appendix D, Eq. 49.
5. Discussions and future studies
In this paper we studied the phase structure of the XX0 model via the explicit formulas for the
free energy of the system in different regions of the moduli space of the parameters. The analytic
results for the free energy, which led us to the phase structure of the model, were obtained by using
the methods from the NIBM and its asymptotic analysis. The Tracy-Widom distribution has played
a crucial in this analysis and in fact, the Tracy-Widom distribution was the key tool to obtain the
free energy of the system and to extract the phase transitions for the XX0 model.
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As we discussed in this article, some exact results about the XX0 spin chain are obtained. These
results indicate a definite new phase structure of the model in the the limit of large parameters. It
might be imagined that the limit of large parameters in the spin chain is kind of unphysical from
the experimental point of view. However, as we have discussed in the interpretation part, very
natural explanations for the phase structure in terms of the spin configurations exist. Moreover,
some arguments about the possible experimental observations and applications of the similar phase
transitions are provided recently in [34].
Having reviewed the obtained results and proposed interpretations, we continue with some possible
directions for future studies in this topic. It might be thought that the appearance of the Tracy-
Widom distribution is because of the special characteristics of the model, but in fact, the very
existence and appearance of the Tracy-Widom distribution in the asymptotic limit of the NIBM and
XX0 model is a general fact, which does not depend on the physical details of the potential and/or
other specific physical properties of the model. In fact, the emergence of this distribution in the
XX0 model and its generalization is implied by the universality of this distribution in the random
matrix theory and NIBM [70]. The Tracy-Widom distribution and hence the phase structure of the
XX0 model have a universal character from the mathematical point of view. From physical point of
view, one can argue that behavior of the XX0 model near its domain walls (critical points) of the
phase transitions is independent of the details of the microscopic interactions and thus, a universal
structure for the phase transition is expected. For a review on similar ideas and results, see [63].
These ideas and facts are important clues for our future studies about universal features of the phase
structure of generalized XX0 model with long-range interactions. In fact, concrete mathematical
results for the random matrix theory with the generalized form of the Gross-Witten potential [23]
can be used to study the generalized XX0 model with infinitely long range interactions. These
results indicate the similar phase structure for generalized XX0 model.
In our interpretation, using some mathematical techniques, the heuristic arguments about time
evolution of the model and its asymptotic dynamics are obtained. However, the asymptotic dynamics
e.g. the diffusion of the magnons into the ferromagnetic vacuum in the asymptotic limit deserves
more rigorous studies from the mathematical point of view. The mathematical understanding of this
stochastic process seems a feasible problem, starting from the known dynamics for the local motion
of the magnons and random walk of the vicious walkers.
In this study and within our approximation, the dynamics of the system is only governed by
the Hamiltonian and we have neglected the effects of quantum fluctuations. However, the quantum
fluctuations can play a crucial role in affecting the phase structure of the model, especially in the
low temperature limit. The effects of quantum fluctuations become even more important, in the
weak coupling regime, in which the aligning force between neighbouring spins is very weak and
the intrinsic spin fluctuations become dominant. The quantum fluctuations might affect the purity
and stability of the thermal phases discussed in this work, i.e. the stability of localized block of
magnons phase and intact ferromagnetic vacuum phase. By stability we mean that any segment
of localized block of magnons or intact vacuum that are not adjacent to the spins with opposite
direction has stable status and the spins in these segments do not tend to change the direction
because of the coupling. Moreover, the competition between the strong/weak couplings and the
quantum fluctuations might eventually lead to completely new phase transitions in the system. This
requires a separate and comprehensive study about the role of quantum fluctuations in shaping of a
complete phase structure of the model.
In this study, we fixed the periodic boundary conditions for the spin chain, however, other bound-
ary conditions such as antiperiodic, reflecting or aborbing are possible and appropriate. The new
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boundary conditions might bring new possibilities to the picture and deserve further studies. In this
sense, some aspects of the problem have been studied in the context of NIBM, [24].
Another direction for further studies in the phase structure of XX0 model can be explained as
follow. The XX0 model and the NIBM are closely related to the combinatorial models such as
plane partitions and nonintersecting lattice paths. The enumerative combinatorics of these models
provides us with exact techniques for counting the degeneracies in these models which in turn can
be used to obtain the entropy of the XX0 model. The entropy consideration opens up the possibility
for the investigation of the phase transitions in XX0 model from another perspective and plausible
approach.
A possible interesting question about the phase structure of XX0 model is to understand the
nature of the second-order phase transition between region I and III in Fig.1 and Fig.4. This phase
transition is similar to the Gross-Witten phase transition but it happens in a moderately large but
finite size spin chain.
Finally, using the relations between the Heisenberg spin chains and various gauge theories such
as Chern-Simons theories, supersymmetric gauge theories, etc. it would be fruitful to investigate
the implications of the obtained results of this study, in the context of gauge theories.
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Appendix A. Dynamics of XX0 spin chain and nonintersecting Brownian motion
This section provides explanations for one of the basic pillars of this study, i.e. the connection
between XX0 model and NIBM. This connection is essential for understanding the interpretation of
the phase structure of XX0 model. In fact, our results are interpreted in terms of the dynamics of
magnons, which is equivalent to the dynamics of vicious walkers in NIBM. In order to describe the
relation between the dynamics of XX0 model and NIBM, we follow a mathematical description for
the process of measurement in quantum mechanics of spin chains. Roughly speaking, this relation is
originated in the probabilistic nature of measurement in quantum mechanics and stochastic nature
of NIBM.
In the context of our study, NIBM is the propagation of Nf vicious walkers, (i.e. random walkers
such that their paths do not intersect each other) on an one-dimensional lattice with size N and time
scale t. Due to the one-dimensional degree of freedom in NIBM, the random walk of each particle in
NIBM is confined between the back and front particles on the lattice. As a result, their trajectories
do not cross each other, as shown in Fig. 6 for a NIBM with reunion boundary conditions. This
dynamics has been investigated and applied extensively in literature, namely in random matrix the-
ory [71],[72],[73],[74], two-dimensional Yang-Mills theory [26],[75], three-dimensional Chern-Simons
theory [59], KPZ growing model [76],[77], etc.
To clarify the relationship between dynamics of XX0 model and NIBM, first we describe random
motion (diffusion) of a magnon on a finite segment of XX0 spin chain and its relation to a random
walk in the one-dimensional lattice. Then, we consider two and more magnons to illuminate the
nature of nonintersecting motion of magnons in XX0 model and random walkers in NIBM. Finally,
we conclude that the dynamics of magnons in XX0 model is equivalent to that of random walkers
in NIBM.
Dynamics of magnons in XX0 spin chain. Let us review rudiments of XX0 spin chain. The
spin operators act on the space
⊗M
k=0 C
2 spanned by
⊗M
k=0 |sk〉 where |sk〉
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t
X
Figure 6. Nonintersecting Brownian motion with fixed initial and final boundary conditions.
|↑〉 =
(
1
0
)
, or minus spin, |↓〉 =
(
0
1
)
. For example, the actions of the annihilation and creation
operators on the up-spin states are σ−m |↑〉m = |↓〉m, and σ+m |↑〉m = 0, respectively.
Let us consider the Hamiltonian of XX0 model, Eq. 1. By definition, the action of operator
σ+n σ
−
n±1 on two-spin state is to exchange the direction of spins when the spins are in opposite
directions, otherwise, the action of operator give the null state,
σ+n σ
−
n+1 |↓
n
↓〉 = 0, σ+n σ−n+1 |↑
n
↑〉 = 0, σ+n σ−n+1 |↓
n
↑〉 = |↑
n
↓〉 , σ+n σ−n−1 |↑↓
n
〉 = |↓↑
n
〉 . (34)
Now, consider a state with a magnon in the n’th site of a ferromagnetic vacuum. The action of
Hamiltonian Eq. 1 on this state leads to the entanglement of two different states as follow
(σ+n σ
−
n+1 + σ
+
n σ
−
n−1) |↑, ..., ↑↓
n
↑, ..., ↑〉 measurement−−−−−−−−−→


|↑, ..., ↑↑
n
↓, ..., ↑〉 50%
|↑, ..., ↓↑
n
↑, ..., ↑〉 50%
. (35)
Hence, in the measurement process, the system has to pick up one of these states with the equal
probability. Therefore, under the successive measurement, the position of a magnon moves through
the ferromagnetic vacuum in spin chain exactly similar to a simple random walk. So far, we have
seen that the diffusion of a magnon in XX0 spin chain is equivalent to an one-dimensional random
walk. Now, we take one step forward and put two magnons in the ferromagnetic vacuum. In this
situation, each magnon separately moves like a random walker except when the positions of magnons
arrive to the adjacent sites. In this case, the action of σ+n σ
−
n±1 on this state is
σ+n σ
−
n+1 |↑↓
n
↓↑〉 = 0, σ+n σ−n−1 |↑↓↓
n
↑〉 = 0, σ+n σ−n+1 |↑↓↓
n
↑〉 = |↑↓↑
n
↓〉 , σ+n σ−n−1 |↑↓
n
↓↑〉 = |↓↑
n
↓↑〉 .
(36)
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As a result
(σ+n σ
−
n+1 + σ
+
n σ
−
n−1) |↑, ..., ↑↓↓
n
↑, ..., ↑〉 measurement−−−−−−−−−→ |↑, ..., ↑↓↑
n
↓, ..., ↑〉 ,
(σ+n σ
−
n+1 + σ
+
n σ
−
n−1) |↑, ..., ↑↓
n
↓↑, ..., ↑〉 measurement−−−−−−−−−→ |↑, ..., ↓↑
n
↓↑, ..., ↑〉 .
(37)
This means, as soon as two magnons arrive to each other, they act to get away from the contact
point. In other words, corresponding random walkers do not cross their trajectories. In the case
of more than two magnons, the motion of all magnons is similar to one-dimensional random walk
with a condition, i.e. their path do not intersect each other. This exactly defines the vicious
(nonintersecting) random walk and illuminates the nonintersecting character of magnons diffusion in
the vacuum. To summarize, the vicious walkers in one-dimensional lattice in NIBM are equivalent
to diffusing magnons in ferromagnetic vacuum of XX0 spin chain.
Appendix B. Tracy-Widom distribution
The Tracy-Widom distribution function can be defined as
F (s) = exp
(
−
∫ ∞
s
(x− s)q2(x)dx
)
, (38)
where q(s) is the solution of Painleve´ equation
q
′′
(s) = sq(s) + 2q(s)3 with q(s) ∼ −Ai(s) as x→∞, (39)
where Ai(s) is the Airy function. This distribution function is introduced and elaborated in detail
in [60],[78].
A precise asymptotic analysis of the Tracy-Widom function is obtained in [79],
F (x) =


1− e−
4
3
x
3
2
32pix
3
2
(1− 35
24x
3
2
) +O(x−3) x→∞
2
1
42 eζ(−1) e
− 1
12
|x|3
|x| 18
(1− 326|x|−3 ) +O(x−6) x→ −∞
, (40)
where ζ is the Riemann zeta function. This asymptotic analysis of Tracy-Widom distribution implies
that
F (x) =


1−O(e−x3/2) x→∞
O(e−|x|3) x→ −∞
. (41)
The Tracy-Widom distribution function appears in various topics such as random matrix theory,
vicious walkers [24], gauge theories [59],[26], etc. In random matrix theory this distribution function
appears as the limiting distribution, ρ(α), for the largest eigenvalue, α, of Nf × Nf Hermitian
matrices in the Gaussian Unitary Ensemble (GUE). More precisely,
α−
√
2Nf
(
√
2)−1N
− 1
6
f
D−→ TW2.
As can be seen in Eq. 40 and also in Fig. 7, the two tails of the Tracy-Widom distribution function
decay differently and this leads to the phase transition or cross-over phenomena in different models
that are governed by this distribution in their asymptotic limit.
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Figure 7. Tracy-Widom distribution of the largest eigenvalue in GUE, compared
with Gaussian distribution function.
Appendix C. Toeplitz and Hankel determinants in nonintersecting Brownian
motion
In this section we review the obtained results by Baik and Liu [23]. They studied probability
distribution of width of NIBM by using Toeplitz and Hankel determinants. We present an adopted
version of these results with the parameters of XX0 model. These results are used in our study to
obtain the asymptotic limit of the partition functions, the phase structure of XX0 model and its
interpretation.
C.1. Toeplitz determinants and nonintersecting simple symmetric random walks. The
continuous and discrete Toeplitz determinant are defined as
DNf (f) = det
[∫
|z|=1 z
−j+lf(z) dz2piiz
]Nf−1
j,l=0
, D
|d|
Nf
(f, |d|) = det
[
1
|d|
∑
z∈d z
−j+lf(z)
]Nf−1
j,l=0
, (42)
where d is a finite domain with the size |d| and f(z) is the weight function. By Heine-Szego¨ identity
[55], the Toeplitz determinants are equivalent to matrix integrals and this fact is used in our study
for representing partition function of strongly coupled XX0 model by Toeplitz determinant including
Gross-Witten weight function.
Let us review some necessary facts and results in nonintersecting continuous-time symmetric
simple random walkersX(t′) := (X0(t′), X1(t′), ..., XNf−1(t
′)). The distance of these nonintersecting
walkers away from origin are defined as Xi(t), i = 0, ..., Nf − 1 and they are subject to boundary
conditions, X(0) = X(T ) = (0, 1, ..., Nf − 1). The nonintersecting character of these walkers imply
the condition; X0(t
′) < X1(t′) < ... < XNf−1(t
′) for all t′ ∈ [0, t]. The maximum distance between
first and last walker is defined as a width WNf (t) = supt′∈[0,t](XNf−1(t
′) − X1(t′)). It has been
proved in [23] that in a domain with size N the conditional probability on WNf (t) < N can be
expressed in terms of Toeplitz determinants, as
P(WNf (t) < N) =
∮
|s|=1
D
|ds|
Nf
(f, |ds|)
DNf (f)
ds
2πis
, f(z) = e
t
2 (z+z
−1), (43)
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where ds = {z ∈ C|zN = s} and |ds| = N . The event that WNf < N confines the random walkers
into a chamber; 0 ≤ X0 < X1 < ... < XNf−1 < X0 +N . Furthermore, the asymptotic limit of the
conditional probability is obtained as
lim
min(Nf ,t)→∞
P
(
WNf (t)− µ(Nf , t)
σ(Nf , t)
6 x
)
= F (x), (44)
where F (x) is the Tracy-Widom distribution Function [60] and
µ ≔
{
Nf + t Nf ≥ t
2
√
Nf t Nf < t
, σ ≔

2
− 13 t
1
3 Nf ≥ t
2−
2
3 t
1
3 (
√
Nf
t +
√
t
Nf
)
1
3 Nf < t
. (45)
We used the above obtained results in the case s = 1, in a two-fold way, first for deriving the
asymptotic limit of the partition function of strongly coupled finite XX0 model and second for
interpreting the obtained results in terms of the propagation of magnons in the spin chain.
C.2. Hankel determinants and nonintersecting Brownian bridges. The continuous and dis-
crete Hankle Determinant are defined as
HNf (f) = det
[∫
R
xj+kf(x)dz
]Nf
j,k=0
, HNf (f, d) = det
[∑
x∈d x
j+kf(x)
]Nf
j,k=0
, (46)
where d is a discrete subset of R. Heine-Szego¨ identity [55], identifies the discrete and continuous
Hankel determinants with discrete and continuous matrix integrals. We used this fact, to study the
partition function of weakly coupled XX0 model, represented as Gaussian matrix integral, by Hankel
determinant.
Let us review the definitions and results for probability distribution of width in nonintersecting
Brownian bridges in terms of the Hankel determinants [23]. The distance of random walkers from
the origin is defined as Xi(t), i = 1, ..., Nf , with boundary conditions Xi(0) = Xi(1) = 0 for all
i = 1, ..., Nf , and they are conditioned that X1(t
′) < X2(t′) < ... < XNf (t
′) for all t′ ∈ (0, 1). The
width of this process is defined as WNf ≔ sup
0≤t′≤1
(XNf (t
′) − X1(t′)). The conditional probability
distribution of the width of nonintersecting Brownian bridges is obtained in the terms of the Hankel
determinants, [80],[81], as
P(WNf < N) =
(
√
2pi
N
√
Nf
)Nf
HNf (f)
∫ 1
0
HNf (f, |ds|)ds, f(x) = e−Nfx
2
, (47)
where the discrete domain is defined by ds ≔ {
√
2pi
N
√
Nf
(m− s)|m ∈ Z} and the size of the domain is
|ds| = N
√
Nf . The asymptotic limit of the conditional probability is obtained in [23], as
lim
Nf→∞
P
(
(WNf − 2
√
Nf )2
2/3N
1/6
f 6 x
)
= F (x), (48)
where F (x) is the Tracy-Widom distribution function [60],[23]. In this study, we apply above ob-
tained results in case s = 0, for studying the asymptotic limit of the weakly coupled XX0 model and
and its interpretation in terms of behaviors of the diffusing magnons in the spin chain.
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Appendix D. Matrix integral representation of XX0 correlation functions
In this section we will review the matrix integral representation for the correlation functions of
XX0 spin chain. A general correlation function of XX0 model is defined as
Cj1,...,jNf ;l1,...,lNf ≔ 〈⇑|σ+j1 ...σ+jNf e
−tHXX0σ−l1 ...σ
−
lNf
|⇑〉 , (49)
where |⇑〉 is a ferromagnetic state of size N , HXX0 is the Hamiltonian and σ± are the spin operators
act on l1, ..., lNf (j1, ..., jNf ) positions in the initial (final) ferromagnetic state and flip Nf spins in
these positions. In the limit of large size, N ≫ 1, and for ∆ = 1, the matrix integral representation
of the general correlation function, Cj1,...,jNf ;l1,...,lNf , is obtained in [16], as
1
Nf !
(
1
2π
)Nf ∫ pi
−pi
dθ1...
∫ pi
−pi
dθNf Sλ(e
iθ1 , eiθ2 , ..., eiθNf )Sλ′ (e
−iθ1 , e−iθ2 , ..., e−iθNf )
et
∑Nf
m=1 cosθm
∏
1≤j<k≤Nf
|eiθj − eiθk |2, (50)
where θi’s are eigenvalues of the random matrix, Sλ is the symmetric Schur function of strict partition
λ = (N ≥ λ1 > λ2 > ... > λNf ≥ 0) with λi = ji −Nf + i and λ′i = li −Nf + i (i = 0, 1, ..., Nf − 1).
The matrix integral (50) contains symmetric Schur functions [37], and these functions in the matrix
integral play the role of spin operators in XX0 model and in fact they represent and fix the locations
of the flipped spins, in the correlation function. We can choose the locations of spin operators as in
the partition function of XX0 model, Eq. 3, then we observe that λi = λ
′
i = 0 and thus the Schur
functions in expression (50) become one. Therefore, the correlation function (49) and (50) with this
choice, which is by definition the partition function of the model, reduces to a matrix model with
Gross-Witten potential as following
ZXX0 = 〈
N︷ ︸︸ ︷
↑, ..., ↑, ↓, ..., ↓, ↓︸ ︷︷ ︸
Nf
| e−tHˆXX0 |
N︷ ︸︸ ︷
↓, ↓, ..., ↓︸ ︷︷ ︸
Nf
, ↑, ..., ↑〉
=
1
Nf !
(
1
2π
)Nf ∫ pi
−pi
dθ1...
∫ pi
−pi
dθNf e
t
∑Nf
m=1 cosθm
∏
1≤j<k≤Nf
|eiθj − eiθk |2. (51)
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